Reid, T.J., A note on roundedness in 4-connected matroids, Discrete Mathematics 91 (1991) 211-214. A k-connected matroid M with at least four elements is (k,2)-rounded if it satisfies the following condition. Whenever e and f are elements of a k-connected matroid N having M as a minor, then N has a minor which uses e and f and is isomorphic to M. We show that, for k exceeding three, a (k, 2)-rounded matroid must have rank or corank less than k. The corresponding result for k = 3 was proved by Oxley. As a consequence, we show that M is (4,2)-rounded if and only if M is isomorphic to U,,,. This extends results of Coullard, Kahn, and Oxley.
Introduction
The matroid U,,, is said to be rounded as Seymour [9] showed that it possesses the following property. If e and fare elements of a 3-connected matroid h4 having a &,-minor, then M has a U,,,-minor using e and f. There has been much research on rounded matroids and some applications have been found (see, for example, [l-5, 7-111) . In this note, we determine necessary conditions for a k-connected matroid to be rounded. As a consequence of these conditions we obtain extensions of results of Coullard, Kahn, and Oxley on roundedness in 3and 4-connected matroids.
Most of the matroid terminology used follows Welsh [12] . Let h4 be a matroid. If X is a subset of the ground set E(M) of M, then we say that M uses X. The deletion and contraction of X from M are denoted by M\X and M/X, respectively. An M-minor of a matroid is a minor of that matroid which is isomorphic to M. If N is a matroid with e 4 E(M) such that N\e = M, then N is said to be an extension of M.
Let k and m be positive integers. Then M is (k, m)-rounded [2] if M is k-connected [12, p. 791 and has at least four elements and the following condition holds:
If N is a k-connected matroid having an M-minor and X is a subset of E(N) with at most m elements, then N has an M-minor (1.1) using X.
Bixby [l] and Seymour [9] , respectively, proved that Q+, is (2, l)-and (3,2)-rounded.
Independently, Coullard [3] and Kahn [4] showed that U,,, is not (4,3)-rounded. Oxley [7] extended Seymour's result by showing that a matroid is (3,2)-rounded if and only if it is isomorphic to U,,,. The following theorem extends this result to higher connected matroids.
Theorem 1.2. Let k be an integer exceeding two. If M is a (k, 2)-rounded matroid, then either the rank or corank of M is less than k.
The following corollary of Theorem 1.2 extends Oxley's characterization of the (3,2)-rounded matroids to 4-connected matroids. It also extends Coullard and Kahn's result by showing that there are no (4,3)-rounded matroids. 
The proofs
In this section, the proofs of Theorem 1.2 and Corollary 1.3 are given. These proofs use Crapo's theory of modular cuts (see [12, Section 17.3] ), and properties of free elements in a matroid (see [7, Section 11) . The following lemma is used to construct k-connected extensions of a matroid. The routine proof of this lemma is omitted.
Lemma 2.1. Let F and H be a flat and a hyperplane, respectively, of a 
simple matroid M. Let fi and f2 be free elements of M which are in F but not H. Then the set of flats of M which contain either F or H is a modular cut of M.
Proof of Theorem 1.2. Suppose the rank and corank of M are at least k. The matroid formed by freely adding two elements to M is k-connected [6, (2.1)]. Since this matroid has an M-minor using these two free elements, M has at least two free elements, say fi and f2. Similarly, as M* is (k, 2)-rounded, M* has at least two free elements. It follows that M has at least two elements in every dependent flat [7, (2.2)]. •i
Proof of Corollary 1.3. The matroid U 2,4 is (4,2)-rounded as it is both 4-connected and (3,2)-rounded [9] . For the converse, suppose M is (4,2)rounded but not isomorphic to I&~. By Theorem 1.2, M has rank or corank less than four. We may assume the former by duality. Thus M is isomorphic to U.,, or U,,, for some n exceeding four. U,,, nor U,,, is (4, 1) -rounded.
Lemma 2.2. Neither

Proof.
Let N = U,,, with E(N) = (1, 2, . . . , 7) . Let X be the modular cut of N consisting of E(N) and the hyperplanes 123, 145, 167,246,257,347, and 356 . Let N + e be the extension of N determined by JV. Note that N + e is 4-connected [6, (2.1)]. Let g E E(N + e) -{e}. Then a Euclidean representation for (N + e)/g is given in Fig. 1 + r/,,,. Thus M = U,,, for some n exceeding six. Let P be the rank-4 matroid whose Euclidean representation is given in Fig. 2 . 
ox
Let N be the (n + 2)-element matroid formed by freely adding one element to the flat {a, b, c, d} of P, and freely adding n -6 elements to the flat {c, d, e, f} of P. It can be checked that N is 4-connected and has no &,-minor using x. Thus, as M z U,,,, M is not (4, 1)-rounded; a contradiction. Cl
